We analyze an optomechanical system formed by a mechanical mode and the two optical modes of an optomechanical cavity for the realization of a strongly quantum correlated three-mode system. We show that the steady state of the system shows three possible bipartite continuous variable entanglements in an experimentally accessible parameter regime, which are robust against temperature. We further show that selective entanglement between the mechanical mode and any of the two optical modes is also possible by the proper choice of the system parameters. Such a two-mode optomechanical system can be used for the realization of continuous variable quantum information interfaces and networks.
networks, in which the mechanical modes play the vital role of local nodes where quantum information can be stored and retrieved, and optical modes carry this information between the nodes. This type of scheme is proposed in Refs. [5, 6, 47, 48] which is based on free-space light modes scattered by a single reflecting mirror. This allows the implementation of continuous variable (CV) quantum teleportation [5, 47] , quantum telecloning [6] , and entanglement swapping [48] . Further, entanglement in the steady state of a system could be significantly useful for quantum communication applications since it is stationary, i.e., it has a virtually infinite lifetime, and hence could be used repeatedly. Due to this reason, it allows more robust uses of entanglement, at variance with the plethora of schemes where entanglement is obtained only after a given interaction time and has a finite lifetime [49] .
Motivated by these interesting developments in the field of optomechanics, we consider an optomechanical system consisting of two optical modes coupled to a mechanical resonator through the radiation pressure interaction. The two optical modes are also coupled together via the common interaction with the mechanical oscillator. It has been demonstrated experimentally that the quantum nonlinearity can be enhanced significantly by coupling two optical modes to a mechanical resonator [50] [51] [52] [53] . This enhanced nonlinearity has potential applications in quantum nondemolition (QND) measurements [54] and quantum information processing [55] . The selective energy exchange between any two modes of such an optomechanical system has also been investigated very recently [56] . Here, we study this system to show how the stationary bipartite CV entanglements can be generated between the different modes of the system. These steady-state entanglements are quantified by the logarithmic negativity and are further shown to be robust against temperature. We also demonstrate the possibility of selective entanglement between the mechanical mode and any of the two optical cavity modes of the system by choosing an appropriate parameter regime. The variation in optomechanical entanglement with the change in its respective optomechanical coupling is also studied. Such entangled optomechanical systems can be profitably used for the realization of CV quantum-communication networks.
II. THE MODEL
In this section, we introduce the basic model for our system whose schematic representation is depicted in fig.(1) . The optomechanical system considered here consists of a single mechanical mode (denoted by operator b) which couples the two optical modes (denoted by operators c 1 and c 2 ) of an optomechanical cavity via radiation pressure. The simplest description of the radiation-pressure coupling of the mechanical and optical modes in such a system can be provided by the following Hamiltonian [56] : Figure 1 : (color online) Schematic representation of the optomechanical system consisting of two optical modes c1 and c2 and one mechanical mode b. Also shown are the coupling rates (η0, η1 and η2) between the various modes with the different damping rates (κ1, κ2 and Γm) corresponding to each of the bosonic modes.
where, κ 1 and κ 2 are the photon decay rates for the optical modes c 1 and c 2 respectively. The mechanical oscillator is connected to a thermal bath at a damping rate Γ m with a bath occupation (or mean thermal excitation number)
given by n th = exp
, where k B is the Boltzmann constant and T is the temperature of the mechanical bath. The mechanical mode is also affected by a random Brownian force with zero mean value ξ m (t). Moreover, c in1 (t) and c in2 (t) represent the input noise operators for the two optical modes, satisfying the following correlation functions [57] :
We are actually interested in analyzing the dynamics of the quantum fluctuations of the system around the steady state in order to establish the presence of quantum correlations among the mechanical mode and the two optical modes at the steady state. To this end, we linearize the quantum Langevin eqns.(2)-(4) by rewriting each Heisenberg operator as a sum of its steady-state value and a small fluctuation as, b(t) = β s + δb(t) and c 1,2 (t) = α 1s,2s + δc 1,2 (t). Here, the steady state parameters β s , α 1s and α 2s are the solutions of nonlinear algebraic equations obtained by factorizing eqns.(2)-(4) and setting their time derivatives to zero, given as:
Thus, by eliminating the steady-state contribution and introducing the amplitude and phase quadratures for the system as δq m (t) = [δb(t) + δb
, we obtain the following linearized equations of motion for the fluctuations of the quadrature operators:
with the effective frequencies Ω c1 = 2β s η 1 − ω c1 and Ω c2 = 2β s η 2 − ω c2 for the cavity modes c 1 and c 2 respectively. Here, χ 1 = η 1 α 1s − η 0 α 2s is the effective coupling between the mechanical mode and the optical mode c 1 . However, the effective coupling between the mechanical mode and the optical mode c 2 is denoted by χ 2 = η 2 α 2s − η 0 α 1s . The effective coupling between the two optical modes is given by
is the Hermitian Brownian noise operator, which satisfies the following correlation [58, 59] :
Brownian noise is the random thermal noise which arises from the stochastic motion of the mechanical oscillator and it is non-Markovian in nature (neither its commutator nor its correlation function is proportional to Dirac delta). This non-Markovian nature of Brownian noise guarantees that the quantum Langevin equations for the system preserve the correct commutation relations between operators during the time evolution [59] . The system of above linearized equations of motion (11)- (16) can be written in the following compact matrix form [60] :
where
(the superscript ⊤ denotes the transposition) is the vector of the quadrature fluctuations.
Furthermore,
⊤ is the corresponding vector of noises, whereas M is the drift matrix, given as:
The formal solution of eqn. (18) is given by
The system reaches a steady state only if it is stable, which is possible when all the eigen values of the drift matrix M have negative real parts so that F (∞) = 0. In this situation, the stability conditions given in Appendix A must always be satisfied.
Since the quantum noises are white in nature and the dynamics is linearized, hence the steady state of the system will be a zero mean Gaussian state, and therefore can be completely characterized by its 6 × 6 correlation matrix
When the system is stable, starting from the formal solution of eqn. (18), one arrives at
represents the matrix of the stationary noise correlation functions. Further note that the oscillators with a very high mechanical quality factor Q = ω m /Γ m → ∞ can only be used in order to achieve the mechanical entanglement. In this weak damping limit Γ m → 0, the quantum Brownian noise becomes δ-correlated [61] such that
and one recovers a Markovian process. Within this Markovian approximation of the thermal noise on the mechanical resonator, we finally get
, with the diffusion matrix D given as:
which is obtained using the definitions of (5)- (7) and the fact that the five components of N (t) are uncorrelated. As a consequence, eqn. (20) becomes:
which is equivalent to the following Lyapunov equation for the correlation matrix in the steady state [F (∞) = 0]:
Eqn. (24) is the linear matrix equation and can be straightforwardly solved for V . However, the general exact expression is too cumbersome to be reported here. The correlation matrix can provide all the information about the steady state of the system. In the next section, we compute the stationary entanglement between the different modes of the optomechanical system formed by the two cavity modes and a vibrational mode of the mechanical resonator.
III. STEADY-STATE ENTANGLEMENT
In this section, we study the steady-state entanglement of the three possible bipartite subsystems, by quantifying it in terms of the logarithmic negativity E N [46, 62] of bimodal Gaussian states. Measurement of the entanglement between any two modes of the system, requires as to compute E N , which is obtained by tracing out the third mode (i.e., removing the rows and columns of V which correspond to the third mode). The reduce state is now fully characterized by the 4 × 4 matrix V ′ and still remains Gaussian. In the CV case, the logarithmic negativity E N can be defined as [46, 62] :
, which is the smallest symplectic eigenvalue. We have used the 2 × 2 block form of V ′ as:
Eqn. (25) clearly shows that the logarithmic negativity is the decreasing function of µ − which basically measures how much two Gaussian states are entangled. A Gaussian state is entangled only if
, and it is equivalent to Simon's necessary and sufficient entanglement nonpositive partial transpose criterion of the Gaussian states [63] . However, the second eigenvalue
at any value of the parameters, thus, it does not affect the nonseparability of the state [63] . We now analyze the stationary entanglement in the three possible bipartitions of the system using the logarithmic negativity E N . Here, E
(1)
N and E In fig.2(a) , the logarithmic negativities of the three bipartite cases E
N (dashed line) and E
N (dot dashed line) are plotted as a function of normalized effective optical frequency Ω c1 /ω m for mean thermal excitation number n th = 20 (corresponding to a bath temperature T = 0.01K). Fig.2(b) shows the same plot but at a higher value of bath occupation, n th = 1250 (i.e., T = 0.6K). We have also shown the logarithmic negativities for the three bipartite entanglements versus normalized effective cavity frequency Ω c2 /ω m for n th = 20 ( fig.2(c) ) and n th = 1250 ( fig.2(d) ). The stationary entanglement between a single driven optical cavity field mode and a mechanical resonator via radiation pressure has already been analyzed in [45] . Our model Hamiltonian involves the two cavity modes with different frequencies, each driven by an intense laser, which are not only separately coupled via pondermotive interaction to the mechanical resonator but are also coupled together via mechanical oscillator. Due to the presence of this second optical cavity mode, we find that the steady-state entanglement is now generated within the three subsystems, namely, mechanical mode-optical mode c 1 , mechanical mode-optical mode c 2 and optical mode c 1 -optical mode c 2 . The simultaneous presence of all the three possible bipartite entanglements in the chosen parameter regime for a wide range of effective optical frequencies (−5ω m < Ω c1,2 < 5ω m ) witnesses the strong correlation between the two optical fields and the mechanical oscillator at the steady state. However, these entanglements vanish at some values of effective optical frequencies. Thus, nonzero entanglements can be obtained by the proper choice of the system parameters. Further note that the presence of nonzero entanglement between the two optical modes is due to the effect of the mechanical motion of the resonator since both the cavity modes are coupled together via mechanical oscillator only. There would be no such entanglement possible if the mechanical element is fixed. Moreover, at a higher temperature T = 0.6K, the qualitative behaviour of all the three possible bipartite entanglements shown in figs.2(b) and 2(d) is identical to that of the corresponding figs.2(a) and 2(c) respectively. Although, the achievable values of these stationary entanglements are comparatively lower. Despite the lower values, they are still quite robust against temperature. This is studied in more detail in fig.3 , where we study the robustness of the steady-state entanglements with respect to reservoir temperature T . As expected, the logarithmic negativities E N , hence the entanglements decay with the increase in mechanical resonator's environmental temperature. Figs.3(a) and 3(b) further depict that the entanglement between the mechanical mode and any of the two optical modes can be selectively made large and more robust against thermal noise by choosing an appropriate parameter regime. Thus, one can not only detect the optomechanical entanglement but can also selectively optimize and increase it. Moreover, for T < 2.4K, the simultaneous presence of all the three possible bipartite stationary entanglements again confirms the strong correlation between the three bosonic modes.
We further show the variation in optomechanical entanglements with respect to their effective optomechanical couplings in fig.4 . Fig.4(a) illustrates the plot of logarithmic negativity E coupling χ 1 /ω m . In fig.4(b) , logarithmic negativity E (2) N is plotted versus dimensionless effective coupling parameter χ 2 /ω m . It can be clearly seen from fig.4(a) that the optomechanical entanglement E N remain zero for all the values of χ 2 /ω m . However, the stability conditions always put some upper bound on the maximum achievable value of optomechanical coupling, which can be improved without entering the unstable regime by using the high cavity finesse. Further note that the entanglement between two optical modes is always zero for all the values of effective optical coupling η with χ 1 = χ 2 = 0.01ω m by keeping rest of the parameters same as in fig.4 . This is due to the fact that the two optical modes are indirectly coupled via mechanical resonator and can only form a Gaussian entangled state for sufficiently high values of optomechanical couplings as shown in fig.2 .
In order to demonstrate that the dynamics investigated here are within the experimental reach, we now discuss the experimental prospects for various parameters used in the main paper. In our calculations, the frequency of mechanical oscillator is taken to be 2π × 10 7 Hz with a mechanical quality factor of 10 5 , which is very close to that of recently performed experiments [11, 12, 20] . Advances in design, fabrication and material properties are expected to lead to high-finesse optical cavities with a decay rate of nearly 2π × 10MHz [64, 65] . The coupling rate in optomechanical crystal setups is currently recorded to be 2π × 1MHz [66] . Utilizing nanoslots [67] to enhance the local optical field in such structures can lead to the coupling rates above 10MHz. In typical optomechanical experiments, the limit Γ m << ω m << k B T is always taken into account [68] [69] [70] [71] . Now, we discuss the optomechanical quantum nondemolition (QND) phonon and photon detection scheme. For the QND measurement of phonon and photon number, the two optical cavity modes (c 1 and c 2 ) should be assumed to be independently driven by using the two separate laser sources having frequencies ω l1 and ω l2 respectively. The transmitted signal from each of the cavity modes should be assumed to be filtered and measured independently using two separate photodetectors D 1 and D 2 respectively [51] . In principle, one could utilize this spectral filtering to perform the selective mode coupling [50] . As discussed in [51] , the photon number of the cavity mode c 1 can be detected by using the another cavity mode c 2 . The two independently driven optical cavity modes are chosen in order to suppress the influence of unwanted transitions from the detection mode (c 2 ) to the signal mode (c 1 ). The information about the photon number of the cavity mode c 1 can be extracted by using the data from the photodetector D 2 . Here, it is assumed that the detection mode has a lower finesse than the signal mode such that a sufficiently large number of photons arrives at the photodetector D 2 , whereas, the state of c 1 is only weakly perturbed by the photons in c 2 . Moreover, in order to detect the photon number within its lifetime, it is also required that the measurement time should always be less than the inverse of the product of cavity decay rate and the photon number. During the measurement time, there should be no excitation of phonon. For the optomechanical QND phonon detection, one of the cavity modes (c 1 ) is pumped with a laser at frequency ω l1 and the transmitted signal is measured using a photodetector D 1 . The second cavity mode c 2 remains undriven and behaves like an idle spectator. Here, the photon number in the detection mode c 1 corresponding to different phonon states is to be studied firstly as described in [51] . This detection mode photon number should follow the time evolution of the mechanical mode. In this way, the continuous monitoring of photon counts at the photodetector gives the QND measurement of the phonon number.
The phonon detection using the second optical cavity mode c 2 can be described analogously.
IV. CONCLUSION
In conclusion, we have shown that an optomechanical system formed by two optical cavity modes and a mechanical mode can produce stationary three possible bipartite entanglements in an experimentally accessible parameter regime. In this regime, it was also observed that the mechanical mode and the two optical modes of the system are strongly correlated for the temperatures below T = 2.4K. Such a strongly coupled three-mode system showing robust steadystate entanglements against temperature can be exploited for the realization of quantum memories and quantum interfaces within quantum-communication networks. We have also observed that the entanglement between the mechanical mode and any of the two optical modes of the system can be selectively made large and more robust against temperature by the proper choice of the system parameters. It was further seen that the optomechanical entanglement increases with the increase in optomechanical coupling such that the optimal entanglement is achieved for the largest coupling allowed by the stability condition. Moreover, despite of appreciably high optical coupling, we found that the nonzero entanglement between the two optical modes is only possible for sufficiently high values of optomechanical couplings since both the cavity modes are indirectly coupled via mechanical oscillator. 
VI. APPENDIX A
The stability conditions for the system can be obtained by applying the Routh-Hurwitz criterion [72, 73] , which gives the following two nontrivial stability expressions on the system parameters:
S 2 = (a 5 a 4 a 3 + a 6 a 1 a 5 − a 6 a 
